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Return to Thermal Equilibrium by the Solution of a
Quantum Langevin Equation
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A quantum-mechanical treatment of the evolution of an anharmonic oscillator
coupled to a heat bath is given. It is shown that for a certain class of
anharmonic potentials the heat bath drives the oscillator to an equilibrium state,
close to the quantum Gibbs state associated to the potential. Thus a partial
proof is provided for a conjecture of R. Benguria and M. Kac.
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1. INTRODUCTION

In 1908, Langevin proposed his equation for the description of Brownian
motion. For the case of a particle on a line in an external potential v this
equation is the following:

d? d / 1/2

EX,+nEX,+o(X,)=(2n)/E/3 (L1)
Here, 7 is a friction coefficient, and E# denotes what is now known as
“white noise” of temperature 1/f8, the Gaussian generalized stochastic
process with covariance given by

(EPEFy =B '8(t =)

In 1930 Uhlenbeck and Ornstein constructed the solution of the
Langevin equation (1.1). Viewed as a stochastic process with values in the
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phase space of the particle, this solution is a Markov process. As a result of
this property, time evolution acts as a semigroup of transformations on the
space of all probability densities on the phase space. This semigroup is
generated by a diffusion equation, the Fokker-Planck equation. If we
suppose that the potential v is of a cuplike form, there is precisely one
probability density left fixed under the time evolution, and all other
densities flow towards it as time goes on. This one stationary probability
density turns out to be the Gibbs probability distribution associated with
the potential v. (Cf., for instance, Ref. 3.) In this sense the solution (1.1)
returns to thermal equilibrium.

The probabilistic theory of Brownian motion being established, from
the physical point of view two fundamental questions remained to be
answered. On the one hand it was not clear whether (1.1) could be derived
from microscopic considerations based on classical mechanics alone, and
on the other hand some authors wondered what might be a suitable
corresponding theory in quantum mechanics. Answers to both questions
were provided by G. Ford, M. Kac, and P. Mazur, using a harmonic
oscillator model. In 1965 they showed that, in a chain of coupled
harmonic oscillators, one of the oscillators can be made to satisfy (1.1)
[with v(x) =1x?] to arbitrary accuracy by an appropriate choice of the
coupling strengths. A quantum theory of friction and noise was now
obtained by quantization of the oscillators in the chain. The quantum
Langevin equation satisfied by an element of this chain, is formally
identical with (1.1), but now X, is a self-adjoint operator on the Hilbert
space of the chain of oscillators, and E# is an operator-valued distribution,
satisfying the commutation relation

[Ef,EP]=i8'(1— s)1 (12)

5

It is a consequence of this relation, and of the assumption of thermal
equilibrium for the entire chain at inverse temperature 8, that the covari-
ance of E? is now given by

BB — (© _ k  —i(-5 dk
<EtEs> -[—oo l_e_Bke s (13)

For the special case v(x) =} x?, treated in Ref. 2, the quantum Langevin
equation is linear and readily solved. Its stationary solution is the family
{ 0P} ,cr given by the formal expression

0Fn = f " g, (s — 1)EPds (1.4)

where ¢, :R—R is zero on (0, ), and on (—00,0] it is the solution of the
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differential equation ¢” — 19’ + g = 0 with boundary conditions ¢(0) =0
and ¢'(0) = —(2n)'/2. This solution { Q") has the property of return to
thermal equilibrium in the following sense. Suppose one perturbs the state
of the entire system at time zero by changing the probability distribution of
the oscillator and, locally in time, that of the incoming noise, thus bringing
the system in the vector state ¥, say. We then have, irrespective of ¢,

lim (g, exp(iRQ/" )y

2y dk
(k2~ 1)2+ n2k2 2

= 132 k
=exp| —3A f—ool—e‘ﬁk

and in the “low-friction limit” 50 this tends to
exp[ — §A%(coth ] B)]

the expectation value of exp(/A-) in the Gibbs state of a quantum-
mechanical harmonic oscillator at inverse temperature 8. All the above
results can be found in Ref. 2.

It is important to know whether this property of return to equilibrium
is just a lucky consequence of the linearity of the equation, or whether it
persists under perturbations. This question must necessarily be approached
along different lines as were sketched above for the classical case, because
the quantum stochastic process at hand is not a Markov process. In fact,
quantum Markov processes cannot occur in thermal equilibrium.® (Mar-
kovian limits like the weak-coupling limit in rescaled time destroy the
thermal equilibrium state.)

A few years ago, R. Benguria and M. Kac conjectured that for a class
of potentials v the distribution of the stationary solution {X,} of the
quantum Langevin equation approaches in the low friction limit 50 the
quantum-mechanical Gibbs distribution of the oscillator subject to the
potential v. They provided evidence to support this conjecture by a pertur-
bation calculation carried through to third order.(V

In this paper we formulate this and related questions in the setting of
W*-dynamical systems, and show that it is possible to give a precise answer
to some of them.

We shall be concerned with the following questions: If in (1.1) we put

o(x) =1x>+ w(x) (1.5)

does it have a stationary solution {X,},.5? If so, does the following limit
exist for all ¢: '

tlit{.lo (Y exp(IAX, Wy =: g, (A) (1.6)
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And do we have

lim 4 A= f A 1.7
i i () = g () (17)
where piz,, is the quantum-mechanical Gibbs measure, given in terms of
the Hamiltonian A = — 13%/3x> 4+ 1 x* of the harmonic oscillator as fol-

lows:
tr{exp[ - B(h+ w)]exp(i?\ )}
tr{exp] — B(h + w)]}

B0 (M) = (1.8)

Our, partial, answers are based on the perturbation theory of W*-
dynamical systems. The Dyson series occurring in this perturbation theory
turns out to be L'-convergent for a limited class of perturbations w
described by a certain inequality. If w is in this class, the quantum
Langevin equation with o given by (1.5) indeed has a solution {X,}, whose
distribution returns to some equilibrium measure p,  , in the sense of (1.6).
However, the above-mentioned class of perturbations shrinks to the class of
constant functions as 1 decreases to zero, and we have a proof of (1.7) only
in the trivial case that w is a constant, corresponding to the linear quantum
Langevin equation. For more general w’s we must content ourselves with
an estimate of the difference between pg, , and pg, ,,, which shows that at
least these two measures can be brought arbitrarily close together by
choosing n small, albeit for a narrowing class of w’s.

In fact, the L'-convergence of the Dyson series is more than one can
hope for in a general W*-dynamical system, whereas we feel that the
stability of the property of return to equilibrium should be much more
common. We expect, therefore, that our result is far from optimal.

This paper is organized as follows. In Section 2 a construction is given
of the quantum noise, and the linear quantum Langevin equation is seen to
have a stationary solution which can be viewed as a single operator, swept
along by the flow of a strongly mixing W*-dynamical system. In Section 3
methods are described for perturbing W*-dynamical systems. It is shown in
Section 4 that the L'-convergence of the Dyson series implies that the
unperturbed equilibrium state returns to the perturbed one under the
perturbed flow. Computationally, this result comes closest to that of Ref. 1.
In Section 5, another consequence of the L'-convergence of the Dyson
series is pointed out: the perturbed system is actually isomorphic to the
unperturbed one, thus inheriting the strong mixing property. In Section 6 it
is checked that indeed the Dyson series associated with our perturbation is
L'-convergent, provided that the anharmonic term in the potential satisfies
a certain inequality. It is shown in Section 7 that this way of perturbing the
dynamics indeed leads to a solution of the anharmonic Langevin equation.
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Finally the behavior of the perturbed equilibrium state for small values of
the coupling constant 5 is considered in Section 8.

Let us remark here that the present program does not apply without
change to quantum noise of zero temperature. The associated dynamical
system is not strongly mixing, and there does not necessarily exist a normal
state, invariant for the perturbed dynamics (cf. Ref. 5).

2. CONSTRUCTION OF THE DYNAMICAL SYSTEM

Since all E? satisfying (1.2) and (1.3) are unitarily equivalent, we shall
not bother about the details of the model that produced these relations, but
instead construct a simple version of E*.

Let 7 be Schwartz’s class of rapidly decreasing, infinitely differentia-
ble functions R— R, and let ¢ be the symplectic form on .7, given by

o(frg)=[" fgd

On the CCR algebra % over the symplectic space {./,¢}, the state wp,
given by

wg (W(f)) =exp(— 11 fI%)
with

2 _ (™ k 2 2 dk
1= =g P (2.1)
satisfies the KMS condition with respect to the *-automorphism group « of
%, corresponding to the translations on .7:
a(W(f)=W(Tf) (TN =f(s-1)
We thus use the idea of a translation representation, introduced into this
context by Lewis and Thomas.(® Cf. also Ref. 7.

Now, let {57 ,7g, &5} be the GNS-triple associated with 7 and wy,
and let .#; be the closure of m5(?") in the strong operator topology. Let
us identify %" with 7 (%) C .#p, and extend wg and « to all of .# in
the natural way. Then {.#p,ws,a} is a strongly mixing W*-dynamical
system in thermal equilibrium at inverse temperature 8 in the sense of the
following definition:

Definition. By a W*-dynamical system we mean a triple {4, w,a},
where .# is a von Neumann algebra, v a normal state on .#, and
a={a,},cg @ weak *-continuous group of w-preserving *-automorphisms
of #.If wis faithful and {«a_p},cg is its modular group, we say that
(M, 0,0} is in thermal equilibrium (at inverse temperature B). If for all
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normal states ¢ on .# and all M € .#
lim_a(a (M) = w(M) 22)
we call {.#,w,a} strongly mixing.
Next, define the self-adjoint operators E#( N (fes)on i by
exp| AEP(f)]=W(}f) (AER)

The map E* from ./ to the operators on 27 s can be continuously
extended to the closure ## of ./ in the norm || - || g> given in (2.1). The
function q,, introduced in (1.4) is in ##, and therefore we may define the

family { Q/"},cg by
Qf" = EF(Tq,)

It is not hard to show that, for all  in the linear span of {W(g)é&|
g € /F) and all f € / we have

[C = pmetydi= o0 B 23)

This is a distribution form of the Langevin equation (1.1) with potential
v(x) = —x

We note in passing that p, :=d/dt(T,q,)|,—, is not in F# for any
B > 0, so that a momentum operator P cannot be defined by putting

PP i= EX(Tp,) 24)

This indicates that the quantum-mechanical Uhlenbeck--Ornstein process,
unlike its classical counterpart, moves about too wildly, due to vacuum
fluctuations in the noise, to possess a momentum observable.

Now consider the Langevin equation with potential o(x) = 1 x> + w(x)
with w real and bounded. The key idea in solving this equation is to add a
perturbation operator ¥ = w( Qf") to the Hamiltonian of the dynamical
system. It turns out that, in the dynamics thus obtained, QF" satisfies the
quantum Langevin equation with potential © and a transformed noise. The
problem is to prove that the perturbed dynamical system is also mixing. In
the next three sections, perturbations of W*-dynamical systems will be
considered in general.

3. PERTURBATIONS OF W*-DYNAMICAL SYSTEMS

Let {#,w,a} be a W*-dynamical system in thermal equilibrium.
Given V = V* & #, there are two equivalent, but apparently different
ways of perturbing it to obtain another W*-dynamical system in thermal
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equilibrium, {.#,w",a"} say. One is called the time-dependent perturba-
tion theory and perturbs «. It was first formulated, for general C*-algebras,
by Robinson.® The other is called the time-independent perturbation
theory and perturbs w. It was developed by Araki.” If .# is a factor, the
time evolutions and their equilibrium states are in one-to-one correspon-
dence, and therefore the two approaches must be equivalent.

The time-dependent perturbation theory defines a” by the Dyson
series

a_,° atV(M)

dy - di, [, (V). [ [en (V) M] - ]]

(3.1)
The groups « and a " satisfy the integral equations
a_toa,V(M)=M+if0ta_:([V,asV(M)])ds 3.2)
and
af,Oa,(M)=M—ifotafs([V,as(M)})ds (33)

(In fact, (3.1) was obtained by iteration of (3.2).)

The time-independent perturbation theory constructs an a’-KMS-
state w” in the following way: For each M = {M,, M, ..., M} € #"*!
there is a unique bounded and continuous function G, on the region

Af:={{z,,...,2,)€C"|0<Imz; < --- <Imz, < B} (34)
which is analytic on the interior of A® and such thatforall 7, ..., t, €R,
Gu(ty, - -0 8,) =w(Moa, (My) - - -, (M,))

The state w” is then given by
© (M)=p"(M)/p" (1)
where

o (MYy=3 (1) dsy - ds,Gyy . p(isy, ..., is,)
n=0

0<s;< -+ <5,< B
(3.5)
We shall not need this expression for ", however, until in Section 8

we consider the limit 5)0. The existence of " suffices for the results in the
next two sections.
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4. RETURN TO THE PERTURBED EQUILIBRIUM STATE

The Dyson series on the right-hand side of (3.1) always converges in
norm for all finite values of ¢, but rarely does it converge for ¢ = 0. In the
special case described in Section 2, this happens to be the case, however.

If V and A are operators in .#, and ¢,, .. ., ¢, are real numbers, let
V(A;t,,...,t,) denote the operator

[a,ﬂ(V),[ . . [atl(V),A] . H e #

Definition. We shall say that the Dyson series on the right-hand side
of (3.1) is Ll-convergent if
e o]

f dty - dt, ||V(Asty, ... t)|<oo  (41)
n=0Y0242 - 24,>—w

We postpone the proof of the L!-convergence of the Dyson series to
Section 6. Here we state some of its consequences.

Theorem 4.1. Let the strongly mixing W#*-dynamical system in
thermal equilibrium {.#,w,a} be perturbed to {.#,w",a”}. Suppose that
the Dyson series involved is L'-convergent for all elements of some subset
o of .

Then forall A € & and all M € .#:
Jim (@ V' — o) (a(M)a)(4))=0 (4.2)

Proof. Using (3.1) we may write
(07 — 0)(a(M)a)(4))
= wV(a,(MaA, ° a,V(A))) —w(Ma_, o a,V(A))

[e¢]
=2i"f dt, - - - dt,
n=0 06> - 21,> 00

XO(t + )0 (a(MV (A5t ..., 1))
—(MV(A51,, ..., 1)) (4.3)

Here, 6 is Heaviside’s function.

By the mixing property of {.#,w,a}, the integrand in (4.3) tends to
zero for all n €N and all ¢, . . ., ¢, €R. Its absolute value is bounded by
the function 2|| M| - ||V(4;¢,, ..., t,)|, which is in L' by assumption. The
statement (4.2) now follows by the dominated convergence theorem. W
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Corollary 4.2. Under the same assumptions, for all 4 € .7,
limwo af(4)=w"(4) (4.4)
>0

Proof. PutM=1in (42). N

The content of Corollary 4.2, combined with a consideration of the
weak-coupling limit 70 for both sides of (4.4), was the kind of return to
equilibrium, aimed at by Benguria and Kac."V For the special choices
w=wg, V=exp(aQf"), and 4 =exp(bQ{"), the Dyson series for
lim,_, ,w(a"(4)) and the power series in €, obtainable for instance from
(3.5), for w<"'(4) were compared in the limit /0. A few terms were found
to be equal.

As a matter of fact, no perturbation of the dynamics was considered in
Ref. 1, neither was the Dyson series explicitly mentioned. Instead, the
anharmonic Langevin equation was rewritten as an integral equation for
the position operator, X say, in terms of Qf7. A recursive procedure was
devised for the computation of the coefficients of the power series in € of
w(exp(bX”)). One may check that this procedure yields precisely the
Dyson series for lim,_, o o o (4).

In Ref. 1 the authors said they could not “escape the feeling that
(their) calculations merely constitute an elaborate verification of the inner
consistency of quantum mechanics.” It turns out that this feeling was not
deceptive. Indeed, Theorem 2 of Ref. 5 asserts that, if one does not bother
about convergence of limits, the termwise identity of the two power series
compared in Ref. 1 is a consequence of the KMS condition, together with
the strong mixing property of {.#,w,a}. These two requirements do not
imply, however, that {.#,w”,a"} is mixing or indeed that (4.4) is valid, as
is shown by a counterexample, given in Ref. 10.

Only if each of the coefficients and the entire series converge can it be
concluded that their sums are equal.

5. ISOMORPHISM OF THE DYNAMICAL SYSTEMS

A much stronger statement can be proved from the L!-convergence of
the Dyson series: the W*-dynamical systems {.#,w,a} and {.#,w”,a”}
are actually isomorphic. As a consequence, {.#,w",a"} is also mixing.

The proof which will be given here is based on the idea of Robinson‘®
to consider the limit

lima”, o a,(A)=:v{(A4) (5.1)

=0
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for all A in a properly chosen *-subalgebra &/ of .#. Under fairly mild
conditions—in fact only the n =1 term in (4.1) is needed—this limit exists
and defines a *-morphism vy, : & — .# with the intertwining property

Yoo, =a"cy) (5.2)
Moreover, by the mixing property, y4 transforms " to w:
w”oyg(A)=limw” o a,(4) = w(A) (5.3)
t—>00

What we have to do is to extend y, to all of .#, and to prove that it
becomes surjective. In order to do the former, we have to go down to the
Hilbert space level. For the latter we need the “inverse Meller” limit

. VoA SV

lima_ o0/ (4)=:7(4) (5.4)

Any W*-dynamical system {.#,w,a} brings along with it—or indeed

has been constructed from—what we shall call a Hilbert space dynamical

system {5, M ,§, U}. Here, 2 is the GNS space associated with .# and

w, with cyclic vector £ .# is the concrete von Neumann algebra of

operators on 277, and U = { U,}, g s the group of unitaries on 7¢°, defined
by

UME= o (M) (M E.#)

Theorem 5.1. Let the strongly mixing W*-dynamical system {.#, w,
a} be perturbed to {4, w",a") and let {37, #,£ U} and (37, 4 Y,
U"} be the associated Hilbert space dynamical systems. Suppose that for
all A in some weak *-dense, a-invariant, unital sub-*-algebra ./ of .# the
following holds: )

0
L [ (V),A]||di < oo (5.5)
Then there is an isometry Q" : 5#° — 2#° with the properties
Qo U =00 (5.6)
and
Qe=¢v (5.7)

Proof. From (3.3) it follows that for all 0 < s < ¢

a?, o a,(4) — o, o a(A)] <fs'u[a_u(V),A]||a'u
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and it follows from (5.5) that t+>a”, o a,(4) is Cauchy in the operator
norm for ¢ —> co0. Therefore v, exists as a *-morphism &/ — .# . Now define

Q> MEY ALy (AT
By (5.3) we have for all 4 € .7,
IR5AEI? = v (A)E7 1P = &V 1 (A)* 1 ()" = 0" o 1J (4% 4)
= o(A*A) = (& A AE) = | AL

As & is weak*-dense, hence strongly dense in .#, the closure of & £ is 27°.
Therefore Q) extends by continuity to an isometry Q" : 2#° — 2#°. Clearly,
QVE=yJ(1)¢V = ¢7. Furthermore, for all A € &/ we have, by (5.2):

QUAE = Qe (A =77 ° a,(A)" = a7 o y{(4)Y
— (J[VYOV(A)€V= l/'tVQVAg

and (5.6) follows. W
At this point the L'-convergence of the Dyson series comes in to prove
that Q" is unitary.

Theorem 5.2. let { #,w,a} be a strongly mixing W*-dynamical
system in thermal equilibrium, and {.#,w”,a”} its perturbation by V
= V* & .#. Suppose that the Dyson series involved is L'-convergent for all
elements of a weak *-dense a-invariant unital *-subalgebra ./’ of .#.

Then there exists a *-automorphism y " of .# with the properties

w'oyV=w (5-8)
and

yoa=acy¥ (5.9)

Proof. From the L'-convergence (4.1) of (3.1) it follows that for all
A € o/ the limit (5.4) exists in the norm topology. By Corollary 4.2 we have

wo JJ(A)=limwe a’(4)=w"(4)
—>00
Therefore the map
Q /87> &AL > (AN

extends to an isometry ¥ on by the same reasoning which showed the
existence of 27, On the other hand, (5.5) is seen to follow from (4.1) by
looking at the n =1 term only. So 2" exists, having the properties (5.6)
and (5.7)
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Now, by Theorem 4.1 we have for all 4 and B in &7,
(B Q7AEY) = & BYS ()% = (BT (4)) = lim w(Ba_, o o/ (4))
= lim o(a,(B)a (4)) = lim &"(a,(B)a’(4))
= tl_i:g)w "(aX, 0 a,(B)4) = w”(vd(B)A)

=<¢ V,Yo (BYAEYY = vy (B*)E7, 4¢7> = (Q"B*¢, 487
It follows that &¥ = (2")*. Being both isometric, 2 and $” must be

unitary and each other’s inverse.

Now, define for all M € #,
YI(M) = Q"M@ (5.10)

Then, by (5.6) and (5.7) we have (5.8) and (5.9), and clearly y” has the
properties of a *-morphism. It remains to prove that y"(.#) = .#
Note that for all 4,B € &/,
QVABE = v{ (AB)YY = v (A)yg (B )Y = v§ (4)Q"BE

It follows that Q"4 = vJ(4)Q, hence vV(4) = vJ(4), for all A€ .
Similarly (y")~! is shown to extend ¥, . On the other hand, v" is strongly
continuous since it is spatial. Therefore

YV('/%)=’YV(M”)CYV("Q/)”='Y()V("Q/)”C'/””:-/%

By the same argument also (y")™!(.#) C .#, and the statement follows.
||

6. PROOF OF THE L'-CONVERGENCE

In this section it will be shown that the results obtained in the previous
sections indeed apply to the system {.#, wﬁ,a} described in Section 2,
when it is perturbed by the operator V = w( Q). A requirement for w will
be formulated.

A good choice for the sub-*-algebra of .#z on which to prove the
L'-convergence, is the *-algebra .o/ aq» finitely generated by the operators

{(W(AT,q,)INER, t eR}

The reason the proof works, is that the commutator of two such operators
decays rapidly for increasing time separation:

I[W (T g,), W (AT, g,) || < 2IsingAM0(g,, T, 4,)l

where t—> |o(qn, T,q,)| decays exponentially:
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Lemma 6.1. For all # > O there are positive constants a and b, such
that for all 1 € R,
lo(g,,T,q,)l < a- e bl (6.1)
These constants necessarily satisfy
a>b (6.2)

For example, in the underdamped case, characterized by 7 < 2, one
may choose a = (1 — 19?2 and b = L.

Proof. We omit indices n. Let p = — ¢/, as in (2.4). Then, for t >0,

d? d _(d> . d 0 — Nds=
(L +nth+1)otq. Ty = (% +n g +1)[° p(o)ats =~ yds=0

because ¢ — g’ + ¢ =0 on (—0,0) [cf. (1.4)]. So 1—>0(q, T,q) satisfies
the damped oscillator equation on (0, o), and since o(g,7T_,q) = — (g,
T,q), (6.1) follows. Now,

0 _ (= 97_2_ d
foo(q,th)— fo(dtﬁndt)o(q,ﬂq)df

=[ Go@ T+ @ ]| =ogp)+m(ag =]

{=

On the other hand,

o0 © kg _a
folo(q,T,q)ldt<f0 a-e "dt 5

Therefore, | < a/b,ie,a>b. M
The following definition will help formulate our requirement for the
perturbation w of the potential.

Definition. Let ./ be the Banach space of all complex measures »
on R of finite total variation and satisfying
v(—S)=7»(S)

for all Borel sets S C R. Let the norm ||»]| , be the total variation of ». The
total variation measure will be denoted by »*. In particular, »* (R)
=|l|| ,. Let 4 be the linear space of real functions of the form

f(x)= ﬁ wweWp (d\), veN

¥ is a Banach space in the norm WA=zl
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Theorem 6.2. Let w € ./ be such that also w' and w” are in 4.
Suppose that w satisfies the inequality

2)wl i +alw”|li < b (6.3)
where a,b > 0 are given by Lemma 6.1.

Then the Dyson series, associated with the perturbation operator
w(Q8m), is L'-convergent for all 4 € ., .

We shall prove this theorem in several steps.
Let R(n), with n €N, denote the set of all ordered sequences r =
{ri,ry, ..., r,} of integer numbers, satisfying

0<r << - <r,<n
Here, p is simply the length of ». Let R(n) also contain the empty sequence.
Lemma 6.3. Forallfy,...,f, €77,
W)L [PGy U] T

<2 X Bo(fos KX I3o(fs f)l X XU3e( S, - o)

r&R(n)

Proof. Repeated use of the equality
(W)W (8)] =2isin(3o(f. )W (S +g)
yields
W[ W] I =28, - - - 5,
where
Sy =lsin(30(fe, fui + -+ Jo)l

Now, let o, = §[a(f, fi)| for short. The numbers S satisfy two bounds:

Se <1 (6.4)
and
k—1
S, < 2 L (6.5)
j=0

We claim that these bounds imply that
S-S, < > 00,0rr, """ Orm (6.6)

r& R(n) 7

We proceed by induction. In the first place, (6.6) is valid for n = 1 by (6.5):



Return to Thermal Equilibrium 253

Sy < 6y, Now suppose that (6.6) holds for all » up to some integer m.
Then, by (6.5) and (6.4), respectively,

S, - 8,8, .,
<S80t T 0 e)
S Oomer T S101mp1 T 818200+
+ 818, S0,
Now, we apply the induction hypothesis (6.6) for n=1,...,m, and

conclude that

m
S SuSma1 S Ogpig + z ( 2 9gr, """ arp,n)on,mﬂ
n=1\reR(n)

= 2 UO,rlo'r],rz o 0r},,m+l
reR(m+1)

We conclude that (6.6) also holds for n = m + 1, and the statement follows
by induction on m. W

Lemma 6.4. Let ¢ and b be given by Lemma 6.1. Then for all

n,m &N and all A,..., A €R, ¢,...,7,ER and «,...,x, ER,
S1s -+ 85, €R we have
[rers oo |

n—1

<( > ]ickle_b‘k)al)\n|eb’" 11 (2+ ah,z) (6.7
k=1

=1

Proof. Let us omit indices 7, and denote 7,g4 by ¢,. An application of
Lemma 6.3 with fo=37_ixq, and fi=Agq,, (/=1,...,n), gives the
following upper bound for the left-hand side (L.h.s.) of (6.7):

(o)

k=1

(Lhs)<2" S 4

reR(n)

X %Io()\,lq," ,}\,Zq,rl)f Yoo X %]o()\,,’qtrp ,}\,,qt”)|

This can again be estimated by the use of the bounds on (g, ¢,), given by

la(qs ’CII)I < ae_b|s”’1 < ae=bG—0
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as follows:
(Lhs)<2" {%a > I, [exp[ b(1, — sk)]}
r&R(n) k=1
X talA N, Jexp[ b(r, = 1, )] % -+ X jal]\ Nexp[b(1, — 1,)]
= 2"( > |ick|e_l”k) Xal\Je? x> (LaNl) - (3ar)
k=1 r€R(n) ‘

Now, the sum over R(n) is in fact a sum over all subsets of {1,...,n— 1},
and therefore

n—1
1an?) -+ (Lar?) = 1+ 1aA}
rE%(n) ( ? 1) ( : P) I£Il ( 2 )
By distributing the 2" over the factors, we obtain (6.7). M

Proof of Theorem 6.2. Let » € .4 be such that [exp(iAx)r (d])
= w(x), and let V = w( Q). Then

o (V)= w(Q)= [ Wrg)r (N

It suffices to prove the L'-convergence (4.1) of the Dyson series for all 4 of
the form

A= W( él Ickqs,‘) (6.8)

Applying Lemma 6.4, we find that for all #,,..., ¢, €R the following
holds:

IV(4st, -l = [a, (V)] - [a(V)A] -+ 1]l
<va+ (d\,) - - - leﬁ (d\)
XN[ W(An%")’[ T [W(Al‘]z,)’ W(Z"k‘]sk)] T H”
<(k§1|xkle'b‘k)(afR|}\niv+ (d?\n))

* ’:Ij: (IR(Z +aN )t (d}‘z))ebfn

= ca|W|| i 2wl +allw’||.;)" et

Here, ¢, = >%_ |k Jexp(—bs,) is a positive constant, determined by the
choice of 4 in (6.8).
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Now note that

0
f dtl C. dlnebfn=f dtleb" 4 dtzeb(lz‘ll) e
050> - >4, 0

— o0

s (=1 g0 b=t = L
fﬁw dt, e 57
Therefore
o0
2f i, - dy | V(A ty, .o 0)]
n=07020> - 21,

Il + caab™ Wil 3 @Iwllg +alwilp)" /b

This series converges provided w satisfies the inequality (6.3). W

Remark. If w satisfies (6.3), then v is strictly convex. Indeed, from
(6.3) it follows by (6.2) that ||w”|| ;- < I. But then,

" (x)| =’fR(i>\)2e"Mv(d>\) <fRA2V+ (@) = lw"[l.i <1,

and
o"(x)=1+w"(x)>0

7. THE SOLUTION OF THE ANHARMONIC LANGEVIN EQUATION

In this section we shall prove our still pending claim that perturbing
the dynamics helps solving the quantum Langevin equation with perturbed
potential.

Let us omit all indices 8 and 7 in this section, and denote Q&7 simply
by Q, Mg by A, etc. If 7 is a *-automorphism of .#, we define 7(E(f))
(f € /), in the obvious way: since E(f) is the infinitesimal generator of
the group {W (M)} cr, let 7(E(f)) be the infinitesimal generator of
{rT(WANer-

We shall show that the family {X,}, given by

X,=a(X) with X=("2)"(Q) (7.1)

is a solution of the Langevin equation (1.1) with potential v(x)=1x>+
w(x), provided that w satisfies the inequality (6.3). The main line of this
proof is the following simple computation: Taking the limit t— oo in (3.3)
one obtains for all 4 € o7,

YV(A) — 4 = —ifo”a_V,([V,a,(A)])dz (7.2)
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Then, putting 4 = Q and V' = w(Q), and using the fact that (w(Q), Q,]
= io(q, T,q)w'( Q), one finds that

'YW(Q)( Q) —_ Q =f0°°0(q, T,q)a‘_”([Q)(w’( Q)) di
Now, let (y*(2)™ " act on both sides to yield
0-X =f0°°o(g, T,qyw' (X _,)dt

This is the form of the Langevin equation, taken as a starting point for the
computations in Ref. 1.

Lemma 7.1. If w satisfies the inequality (6.3), then Q and y"' 9( Q)
have the same domain. For each ¢ in this common domain the following
holds:

Oy = Q4 = [To(q Tga@(w( Q) (13)

Proof. Fory € 27°, consider the difference

WAg) — 1 WiAg) — 1
¥ Q)[ __(b_lq%__ } - [ __(_qu)_ };, (7.4)
By (7.2) this is equal to
Lw(—i)(ix)“a‘ng)([w( Q). W(AT,q)])ydt (1.5)

Now, let w= 7 with » € 4. Then
[w(Q), WAT,q)]
= [ [wg), wTg) v (aN)

= f_f’; [exp[ —iMa(q. T,q) ] — 1Y WQAT.9) W(Nq)v (dN)  (1.6)
The integrand in (7.5) is therefore bounded in norm by
fip\’v(q, T.qlv™ (dN)=lo(q, Tiq)| - Iwll.i

which is clearly independent of A and integrable as a function of ¢. By (7.6),
as A tends to zero, the integrand in (7.5) tends to

a2(@( [ iNo(g. T WN g (M) = o(9, T,g)a™ 2 (' ( Q)0

It follows by the dominated convergence theorem that the limit of (7.5) as
A0, is equal to the right-hand side of (7.3). Since the latter is finite for all
Y, the limit as A—0 of the first term of (7.4) exists for the same i as the
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limit of the second does. This means that y*(9’( Q) and Q have the same
domain, and (7.3) holds for i in this domain. W

Let & denote the linear span of the vectors W( f)¢ with f € /.

We note that the inverse of the map L: > i fi>f" —qf + fis
given by

(L) = [To(g. T () ds=@n) [ g(1 = 9)g(5)ds

Corollary 7.2. (Langevin equation). If w satisfies (6.3), then for all
VEZ and all f & .7,

JE AL @ = af O+ (O X+ w(X )0 ]y de= @2m) PE(f

Proof. By (5.10), y*(9(Q) is of the form QQQ™', where Q is
unitary. In the proof of Lemma 7.1 above it was shown that Dom(2Q Q™)
= Dom( Q). Hence Q@Dom( Q)= Dom(Q), and for all ¢ € Dom(Q) we
have

0y = Xy = [ “o(q Tgpw(X_,)pds

Since & C Dom( Q) and & is invariant for time translation, we have for
aly e 7,

1
04 =Xy =[" o T qpw(X)pds (7.7)
Now, because of the inequality

| QW (HEIR < liglP(1 + 4 fIIP)

t—>]] Q4| is bounded for all ¢ € &, and the integral in (7.7) is uniformly
bounded in ¢ and in ¢. Hence we may integrate (7.7) with a function
ge s

7 soxpdee [7 g0 [ o(q. T gwXwdsdi= {7 g0
Putting g = Lf we obtain

S an@Xdi+ [~ feowxyds= [ (1o
Finally, since { O, = E(T,q)} solves the harmonic Langevin equation:

7 anwewd= Ef g = @n)' B

the result follows. W
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Corollary 7.3. (Return to equilibrium). If w satisfies (6.3), the solu-
tion (7.1) of the Langevin equation satisfies, for all unit vectors i € 277,

Tim (g, exp(iAX, gy = @ o (1™ )" (W) =™ O(W(Ag) (78)

Proof. This is a consequence of the mixing property for { #,w,a},
and Theorem 5.2, M

8. THE DIFFERENCE BETWEEN THE LIMIT STATE AND
THE GIBBS STATE

In their paper,(” Kac and Benguria considered not only the limit
t = o0, but the limit )0 as well. Both limits taken, the probability distribu-
tion pg, . defined in (1.8) was to emerge.

Here, it turns out, nothing can be said, strictly speaking, about the
latter limit. Indeed, for all nontrivial w there exists a positive value of 7,
below which the inequality (6.3) breaks down. We have to content ourselves
with a proof that, for small values of 7, the limit measure pg, ., given
by (7.8),

A W B
B (N) = 0™ O(W(Ag,))
is close to the probability distribution pg,, of the quantum harmonic
oscillator.
Let the function ®:[0, o0) > R be defined by

a(p)= > — 2B

=1 [@em/BY + 1]

For large 8, ®( ) behaves like 1 /4w, for small 8 like ¢{(3)8%/(27)°, where {
is Riemann’s zeta function.

Theorem 8.1. Let 8 apd 7 be positive numbers and let w € A be
such that w' and w” are in ./ as well.
Then, for all A € R,

| figmw (N) = fgo.w (M)
tr[ exp(— ph) ]
{exp[ - B(h+ w)]}

<n®(B) (A2 +2B(w"||_j )17 (8.1)

Proof. Let Fj, be the two-point function 7> (&5, QF"Qf "¢, of the
damped harmonic quantum oscillator. Its analytic extension to the strip
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Af={zeC|0<Imz < B} is given by

— oo k 27’ ikz_ﬂc_
Fpq(2) Lw 1 — exp(— Bk) (k2 ~ 1)2 g e I (8.2)

Using the canonical commutation relations one derives that, for all A,
...,A, €ERandall 7, ..., €ER,

05 (W(Rot) W(MToy) -+ WM T, 4,)
= exp[ - kz 0>\j)\k0(j —k)Fg, (4 — &)
o=

Here, we mean by 7,: 0, and by 8(j — k): 0if j < k, 1if j > k and 1/2 if
j = k. The right-hand side of (8.3) extends by (8.2) to a bounded and
continuous function on A® [cf. (3.4)], analytic on the interior of this region,
and whose restriction to purely imaginary arguments {is,,...,is,} is
given by

(8.3)

exp( -+ > AN Fg, (ils; — skl))
k=0

According to (3.5), this yields the following expression for the perturbed
equilibrium distribution:

ﬁ;’d’,n,w (}‘) = ﬁﬁ,mw (}‘)/ﬁﬁ,n,w (0)
where

Bpaw (Ao) = ds, - - - ds, fR (dN) v (dN,)

0<s;< - <5, < B

3 Wi 5) (84

[N

X exp( -
On the other hand, let Fp, be the two-point function of the simple
harmonic oscillator, defined in terms of the latter’s position operator x as

Fgo(r) = tr(e Pixe™xe ™" ) /tr(e ")

= (§coth] B)cost + 1isint
Its analytic extension is given by
NN -1
Fao(2)=4[(1=e™#) e = (1= ef) e 7]

Define the measure pg,,, on R by

Bpow (M) = tr(e PUHWe™y /ir(e= Ay (8.5)

Then one checks, using ordinary perturbation theory, that (8.4) is valid for
1 =0 as well.
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The following lemma gives us a grip on the right-hand side of (8.4).

Lemma 8.2. The functions {s,u}— Fg, (ils — u|) and {s,u}+>
Fgo(ils — ul) — Fp,(ils — u|) are positive definite kernels on [0, 8] X
[0, B]. Moreover, for all s € [0, 8],

IFB,O(is) — Fy, (is)] < 29@(B) (8.6)

Proof of the lemma. A computation of the Fourier coefficients of
s> Fp . (is) on [0, B] results in the uniformly convergent series expansion

) .
e2mms/ﬁ

e G B+ a2l /) +

Since the Fourier coefficients are positive, {s,u} > Fy (i|ls — u|) is positive
definite. And, because the difference

Fgq(is) = L,B

1 _ 1
Qam/BY +1  Qam/BY +nQ2u|m|/B)+ 1
27|m|/ B

= 8.7
T’[(277m/ﬁ)2+l][(2'7z'm/,8)2+11(2frr|m|/,8)+1] 67

is positive, the difference of corresponding kernels is positive definite as
well. Finally, the right-hand side of (8.7) is bounded by

2m|m|/B
[(2'7rm/,8)2 + 1]2

7"

and (8.6) follows. W

Proof of Theorem 8.1 (continued). Now, let us call the argument
of the exp function in (8.4): — f(n). Then Lemma 8.2 asserts that 0 < f(n)
< f(0) for all 5> 0. It follows that |exp[— f(n)] — exp[— f(0)]] < f(0) —
f(n). Therefore (8.4) implies that for all Aj € R,

Iﬁﬁ,n,w (}‘0) - 5/3,0,»1» 0‘0)‘

< ds; - - - ds,,f p(dN) vt (dN,)
8 R,

n=0‘£’<51< S K5, <
X3 kE 0>‘j>‘k[FB,0(i‘sj = 5el) = Fa (ils; = 5il) ] (8.8)
I

Subsequently, we interchange the sum over j and k& with the A integrals, and
perform the latter. If j % k, the integral over A, yields zero, because p* s
a symmetric measure. If j = k = 0, it yields AJ - |w||";, and if j = k # 0, it
yields ||w”| _;|wi";'. The s-integral then becomes simple to perform,
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because only zero remains as an argument for the functions F,, and Fy 5 it
gives a factor 8"/n!. So the right-hand side of (8.8) is equal to

0 n

[ Fpo0) = Fp (O] 3 S (llwlzie + w7

n=

n=1

wl";

= L[ F3(0) = Fg,(0)J(AS + Bilw"|l i-)e? ™7

which is bounded by n®( B)AZ + Blw”|l_j)el i,

To derive from the above an upper bound for the difference of the w’s
instead of the p’s, we argue as follows: If x, y € C and x,, y, > 0 are such
that |x| < x, and | y| < y,, then

x _ ) 1
X0 Yo Xo0Jo

Iy — yxol = x—ly— [x (o = Xo) = Xo(y — X)|

<-y1—0(|yo-xOI+ly—XI)

Applying this inequality, we obtain

; . N4 2810010 e
lluﬁm,w (}\) — Kgow (A)' < né(ﬁ)w ehlvll

The statement (8.1) follows by (8.5). M
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